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INTRODUCT ION  

The numbering system consists of different sets of numbers that are contained within 

each other. The most used number sets can be classified as: natural numbers, integers, 

rationals, irrationals, real numbers, complex numbers and many others that are defined by the 

cross product between these systems. This paper deals with the second set of numbers, 

integers. Specifically, it deals with a specific structure in integers called “integers modulo n” 

denoted by 𝑍𝑛 . The set of numbers in 𝑍𝑛 can be written by the residues of division by n. The 

following definitions hold for integers modulo n: 

 

 

 

Arithmetic procedures are carried out in 𝑍𝑛 in a similar manner to Z. Multiplication 

and addition are denoted by +𝑛 𝑎𝑛𝑑 ∗𝑛 to differentiate the domain of these functions. The 

modular n is applied to the image of these operations as illustrated below. For simplicity, 

these operation will be referred to by the regular + and * signs since we are only dealing with 

 𝑍𝑛 . 

 

 

 

 

𝑙𝑒𝑡 𝑎,𝑏 ∈ 𝑍 , 𝑎 ≡ 𝑏 𝑚𝑜𝑑 𝑛 𝑖𝑓𝑓 𝑛 | (𝑎 − 𝑏) 

𝑙𝑒𝑡 𝑎, 𝑏 ∈ 𝑍 , 𝑎 ≡ 𝑏 𝑚𝑜𝑑 𝑛 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑒𝑙𝑎𝑛𝑡 𝑡𝑜 𝑎 = 𝑘𝑛 + 𝑏 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑘 < 𝑏 

𝑎𝑥 ≡ 𝑏 𝑚𝑜𝑑 𝑛 ℎ𝑎𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑓𝑓 gcd(𝑎, 𝑛) |𝑏 

 

(10+𝑛8)𝑚𝑜𝑑 12 ≡ 18 𝑚𝑜𝑑 12 ≡ 6 𝑚𝑜𝑑 12 

𝑛𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 18 = 12(1) + 6 𝑤ℎ𝑒𝑟𝑒 6 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑒 

(10 ∗𝑛 8) 𝑚𝑜𝑑 12 ≡ 80 𝑚𝑜𝑑 12 ≡ 8 𝑚𝑜𝑑 12 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 80 = 12(6) + 8 
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In order to demonstrate the results of any linear operations on a set of numbers, 

Cayley’s table can be constructed. This table can help illustrating properties such as identity, 

closure, inverse, and associativity that will be discussed later on. Cayley’s table can be 

constructed in a similar manner to the following example: 

𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑒𝑡 𝐻 = {𝐴,𝐵,𝐶,𝐷} , 𝑐𝑎𝑦𝑙𝑒𝑦′𝑠 𝑡𝑎𝑏𝑙𝑒 𝑓𝑜𝑟 𝐻 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑖𝑠: 

 A B C D 
A A+A A+B A+C A+D 
B B+A B+B B+C B+D 
C C+A C+B C+C C+D 
D D+A D+B D+C D+D 

 

Group is a term which was firstly used by Galois around 1830 to describe sets of one-

to-one functions on finite sets that could be grouped together to form a closed set under 

composition. The field of groups have grown ever since. Now, a complete definition 

describing groups is as follows: 

 

 

 

 

 

 

 

 

 

𝑙𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑠𝑒𝑡 𝑡𝑜𝑔𝑒𝑡ℎ𝑒𝑟 𝑤𝑖𝑡ℎ 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ∇ 𝑡ℎ𝑎𝑡 𝑎𝑠𝑠𝑖𝑔𝑛𝑠 𝑡𝑜 𝑒𝑎𝑐ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟𝑑 

 𝑝𝑎𝑖𝑟 (𝑎,𝑏) 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ 𝐺 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎∇𝑏 ∈ 𝐺.𝐺 𝑖𝑠 𝑎 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 

𝑡ℎ𝑖𝑠 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑡ℎ𝑟𝑒𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑑𝑖𝑒𝑑 

𝑙𝑒𝑡 𝑎,𝑏 𝑐 𝑎𝑛𝑑 𝑒 ∈ 𝐺 𝑤𝑖𝑡ℎ 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ∇ 

(𝑎𝛻𝑏)𝛻𝑐 = 𝑎𝛻(𝑏𝛻𝑐) 

𝑙𝑒𝑡 𝑒 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑜𝑓 𝐺 𝑡ℎ𝑒𝑛, 

𝑎𝛻𝑒 = 𝑒𝛻𝑎 = 𝑎 

∀ 𝑎 ∈ 𝐺 ∃ 𝑏 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎∇𝑏 = 𝑏∇𝑎 = 𝑒 

1. Associativity: 

2. Identity: 

3. Inverse: 
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The three requirements and closure, which is implied in the definition, are the general 

requirements for a set to form a group under a binary operation ∇. G is said to be Abelian iff 

for every 𝑎, 𝑏 ∈ 𝐺, 𝑎∇𝑏 = 𝑏∇𝑎. If there exist one pair that doesn’t satisfy this property then 

G is non-Abelian. Groups of integers under multiplication or addition are among the most 

common examples of Abelian groups. 

Sometimes, groups with different elements or binary operations might be the same but 

have different names. When there’s a map that respects the structure the group structure 

between G and 𝐺  we say they hold they have homomorphism. Note that both sets must have 

the same size (order). If this mapping holds bijection property, we say G and 𝐺 are 

isomorphic, denoted as 𝐺 ≅ 𝐺. 

  

 

 

 

 

 

 

 

 

Euler described and defined the set of relatively prime integers 𝑈(𝑥) 𝑡𝑜 𝑏𝑒 𝑎𝑠 ∶

𝑈(𝑙) = {1 ≤ 𝑎 < 𝑥| gcd(𝑎,𝑥) = 1).  The order of such set is also defined using Euler’s Phi 

𝐴 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 ∅ 𝑓𝑟𝑜𝑚 𝑎 𝑔𝑟𝑜𝑢𝑝 (𝐺,∗) 𝑡𝑜 𝑎 𝑔𝑟𝑜𝑢𝑝 (𝐺̅, ^) 𝑖𝑠 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝐺  

𝑖𝑛𝑡𝑜 𝐺̅  𝑡ℎ𝑎𝑡 𝑝𝑟𝑒𝑠𝑒𝑟𝑣𝑒𝑠 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛; 𝑡ℎ𝑎𝑡 𝑖𝑠,  

∅(𝑎 ∗ 𝑏) = ∅(𝑎)^∅(𝑏)𝑓𝑜𝑟𝑎𝑙𝑙 𝑎, 𝑏 ∈ 𝐺  

(𝐺,∇)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 �𝐺,∗�𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑜𝑛𝑒 − 𝑡𝑜 

𝑡ℎ𝑎𝑡 𝑝𝑟𝑒𝑠𝑒𝑟𝑣𝑒𝑠 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛:  

𝑓(𝑎∇𝑏) = 𝑓(𝑎) ∗ 𝑓(𝑏)      ∀𝑎,𝑏 ∈ 𝐺 

Homomorphism: 

Isomorphism: 

−𝑜𝑛𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑜𝑟 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 f𝑓𝑟𝑜𝑚 𝐺 𝑜𝑛𝑡𝑜 𝐺  
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function (totient function). This function is important for calculating the order of 

multiplicative groups of integers modulo n. 𝑈(𝑙) is useful in determining when a group under 

both addition and multiplication will form a field.  

 

 

 

 

 

 

In this paper, some key theorems have been used in relation to Arithmetic, integers 

modulo n, groups, isomorphism, Euler Phi function, and many more: 

1. Fundamental Theorem of Prime Factorization  

𝐸𝑣𝑒𝑟𝑦 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 1 𝑒𝑖𝑡ℎ𝑒𝑟 𝑖𝑠 𝑝𝑟𝑖𝑚𝑒 𝑖𝑡𝑠𝑒𝑙𝑓 𝑜𝑟 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 

 𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠,𝑎𝑛𝑑 𝑡ℎ𝑎𝑡,𝑎𝑙𝑡ℎ𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑟𝑖𝑚𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑  

𝑐𝑎𝑠𝑒 𝑖𝑠 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦, 𝑡ℎ𝑒 𝑝𝑟𝑖𝑚𝑒𝑠 𝑡ℎ𝑒𝑚𝑠𝑒𝑙𝑣𝑒𝑠 𝑎𝑟𝑒 𝑛𝑜𝑡. 

2. 𝑙𝑒𝑡 𝑎 > 1, 𝑎 ∈ 𝑍, 𝑡ℎ𝑒𝑛 gcd(𝑎,𝑎 − 1) = 1 

3. Let G be a group with linear operation * and identity e then, the order of 𝑎 ∈

𝐺 denoted by |a| is defined as: 

|𝑎| = 𝑤 𝑖𝑓𝑓 𝑎𝑤 = 𝑒 𝑓𝑜𝑟 𝑤 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 , 𝑖. 𝑒: 

𝑖𝑓 𝑎𝑠 = 𝑒 𝑡ℎ𝑒𝑛 𝑤|𝑠 

4. Euler Phi function: 

Let 𝑈(𝑥) be defined as the set of all integers relatively prime to x. 

𝑙𝑒𝑡 (𝐻, +,∗)𝑏𝑒 𝑎 𝑠𝑒𝑡 𝑤𝑖𝑡ℎ 𝑡𝑤𝑜 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠;𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 

𝐻 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑖𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑟𝑒𝑞𝑢𝑟𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑚𝑒𝑡: 

Fields: 

a) (𝐻, +)𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 

b) (𝐻∗,∗) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 

c) ∀ 𝑎,𝑏, 𝑐 ∈ 𝐺 𝑎 ∗ (𝑏 + 𝑐) = (𝑎 ∗ 𝑏) + (𝑎 ∗ 𝑐)    
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𝑈(𝑥) = {1 ≤ 𝑎 < 𝑥| gcd(𝑎, 𝑥) = 1} 

𝑇ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑈(𝑥) = |𝑈(𝑥)| = ∅(𝑥) 

𝑓𝑜𝑟 𝑥 = 𝑝1
∝1 .𝑝2

∝2 . … 𝑝𝑛
∝𝑛 

∅(𝑥) = 𝑝1
∝1−1(𝑝1 − 1).𝑝2

∝2−1(𝑝2 − 1). … 𝑝𝑛
∝𝑛−1(𝑝𝑛 − 1) 

𝑜𝑟 ∅(𝑥) = 𝑥 �1−
1
𝑝1
� �1−

1
𝑝2
�… �1 −

1
𝑝𝑛
�  

5. Well defined function: 

𝐴 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑤𝑒𝑙𝑙 − 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑓 𝑖𝑡 𝑔𝑖𝑣𝑒𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑤ℎ𝑒𝑛  

𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑎𝑛 𝑖𝑛𝑝𝑢𝑡 𝑖𝑠 𝑐ℎ𝑎𝑛𝑔𝑒𝑑. 

6. First isomorphism Theorem: 

𝑙𝑒𝑡 𝑓:𝐺 → 𝐻 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜𝑚 𝐺 𝑖𝑛𝑡𝑜 𝐻 

𝐺/𝐾𝑒𝑟(𝑓)   ≅   𝑅𝑎𝑛𝑔𝑒 (𝑓) <   𝐻 

7. Kernel: 

𝑙𝑒𝑡 𝑓:𝐺 → 𝐻 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 

𝑇ℎ𝑒 𝑘𝑒𝑟𝑛𝑒𝑙 𝑜𝑓 𝑓 (ker(𝑓))𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠: 

ker(𝑓) = {𝑔 ∈ 𝐺 ∶ 𝑓(𝑔) = 𝑒𝐻} 𝑤ℎ𝑒𝑟𝑒 𝑒𝐻𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑖𝑛 𝐻 

8. (𝑈(𝑥) ∪ {0}, +,∗) 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑖𝑓𝑓 𝑥 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 

9. 𝑖𝑓 𝑘|𝑛 𝑎𝑛𝑑 𝑙|𝑘 𝑡ℎ𝑒𝑛 𝑙|𝑛 .𝐴𝑙𝑠𝑜, 𝑖𝑓 𝑎|𝑚, 𝑏|𝑛 𝑎𝑛𝑑 gcd(𝑚,𝑛) = 1  

𝑡ℎ𝑒𝑛 gcd(𝑎, 𝑏) = 1 

10. Subgroups: 

𝑖𝑓 𝐷 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑚| |𝐷|,  𝑡ℎ𝑒𝑛  

𝐷 ℎ𝑎𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑚  
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PROBLEM STATEMENT 

Theorem 1: 

1. Let m  ∈  𝑍+,𝑚 ≥ 2 . Suppose that D is a group under multiplication with the 

multiplicative identity m under multiplication modulo n where D ∁ 𝑍𝑛 . Then, 

a) 𝑚2 − 𝑚 ≥ 𝑛 > 𝑚 

b) 𝑛 = 𝑘𝑙 𝑓𝑜𝑟 𝑘|𝑚 , 𝑙|(𝑚− 1) 

c) If  𝑥 ∈ 𝐷, then  x =  𝑚 ∗ 𝑤  𝑓𝑜𝑟  𝑠𝑜𝑚𝑒  𝑤 < 𝑙 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 gcd(𝑤, 𝑙) = 1 (𝑖. 𝑒.,

𝑤 ∈  𝑈(𝑙)).  

d) 𝐷 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑈(𝑙) 

2. Let 𝑚 ∈ 𝑍+ , 𝑛,𝑘 𝑎𝑛𝑑 𝑙 be as 1.b then  𝐷 = {𝑘𝑐 | gcd(𝑐, 𝑙) = 1, 1 ≤ 𝑐 ≤ 𝑙} is a 

multiplicative group with multiplicative identity m under multiplication modulo n 

where D is a subset of 𝑍𝑛 

3. Let 𝑚 ∈ 𝑍+ , 𝑛,𝑘 𝑎𝑛𝑑 𝑙 be as 1.b. Then, D is a field iff 𝑙 is prime 

Corollary 2:  Let D be the group in theorem 1 and let   |D| denotes the order (the size) of 

D. Then |D| | ∅(𝑙) 𝑤ℎ𝑒𝑟𝑒 𝑛, 𝑘 𝑎𝑛𝑑 𝑙 𝑎𝑠 𝑖𝑛 1.𝑏. 

Theorem 3: let 𝑚, 𝑛 ∈ 𝑍+ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 gcd(𝑚,𝑛) = 1.𝑇ℎ𝑒𝑛,𝐷 = 𝑚.𝑈(𝑛)𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝  

𝑚𝑜𝑑𝑢𝑙𝑜 𝑚𝑛 𝑤𝑖𝑡ℎ 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒 = 𝑚𝑐 𝑓𝑜𝑟  𝑚𝑐 ≡ 1 𝑚𝑜𝑑 (𝑛),𝑐 ∈ 𝑈(𝑛)  
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PROOF 

Theorem 1: 

1. Let m  ∈  𝒁+,𝒎 ≥ 𝟐 . Suppose that D is a group under multiplication with the 

multiplicative identity m under multiplication modulo n where D ∁ 𝒁𝒏 . Then, 

a) 𝒏 > 𝒎 

𝑖𝑓 𝑛 < 𝑚, 𝑡ℎ𝑒𝑛 𝑚 ∉  𝑍𝑛 

𝑖𝑓 𝑛 = 𝑚 𝑡ℎ𝑒𝑛 𝑚 ≡ 0 𝑚𝑜𝑑 𝑛  

𝑎 ∗ 𝑚 ≡ 0 𝑚𝑜𝑑 𝑛 ∀ 𝑎 ∈ 𝑍𝑛 

𝑇ℎ𝑒𝑛, 𝑛 > 𝑚 

b) 𝒏 = 𝒌𝒍 𝒇𝒐𝒓 𝒌|𝒎 , 𝒍|(𝒎− 𝟏) 

𝑙𝑒𝑡 𝑚 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑓𝑜𝑟 𝑎 𝑠𝑒𝑡 𝐷 ∁ 𝑍𝑛 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑚𝑜𝑑𝑢𝑙𝑜 𝑛 

𝑚 ∗ 𝑚 ≡ 𝑚 𝑚𝑜𝑑 𝑛 

𝑛| (𝑚2 − 𝑚) → 𝑛 | 𝑚 ∗ (𝑚 − 1) 

𝐵𝑦 𝑡ℎ𝑒  𝐹𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 𝑜𝑓  𝑃𝑟𝑖𝑚𝑒 𝐹𝑎𝑐𝑡𝑜𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛,

𝑤𝑟𝑖𝑡𝑒  𝑛 =   𝑘 ∗ 𝑙   𝑤ℎ𝑒𝑟𝑒 gcd(𝑘, 𝑙 ) = 1.  

𝑠𝑖𝑛𝑐𝑒 𝑛 |𝑚 ∗ (𝑚− 1) 𝑎𝑛𝑑   𝑛 = 𝑘 ∗ 𝑙,   𝑘 ∗ 𝑙 |𝑚 ∗ (𝑚 − 1) . 

𝑆𝑖𝑛𝑐𝑒 gcd(k, l) =  gcd(𝑚,𝑚 − 1) = 1,

𝑤𝑒  𝑚𝑎𝑦 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡  𝑘|𝑚, 𝑙|(𝑚− 1),  and gcd(𝑘,𝑚 − 1) =  gcd(𝑙,𝑚)

= 1. 

c) If  x in  D, then  x =  𝒎 ∗ 𝒘  𝒇𝒐𝒓  𝒔𝒐𝒎𝒆  𝒘 < 𝒍 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕𝒈𝒄𝒅(𝒘, 𝒍) = 𝟏  
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𝑎 ∗ 𝑚 ≡ 𝑎 𝑚𝑜𝑑 𝑛 ∀ 𝑎 ∈ 𝐷 → 𝑛 | ((𝑎 ∗ 𝑚) − 𝑎) 

𝑛 | 𝑎(𝑚− 1) 

𝑠𝑖𝑛𝑐𝑒 𝑛 = 𝑘, 𝑙 → 𝑘 ∗ 𝑙 | 𝑎(𝑚− 1) 

𝑆𝑖𝑛𝑐𝑒  𝑙 |  (𝑚 − 1) 𝑎𝑛𝑑 gcd(𝑘,𝑚 − 1) = 1,𝑤𝑒 ℎ𝑎𝑣𝑒 𝑘 |𝑎. 

𝐻𝑒𝑛𝑐𝑒   𝑎 = 𝑘 ∗ 𝑐  𝑤ℎ𝑒𝑟𝑒   𝑐 < 𝑙 .   

Now, we show that  gcd(𝑐, 𝑙) = 1.  

 Since k|m and gcd(𝑚, 𝑙) = 1, 𝑤𝑒 ℎ𝑎𝑣𝑒  𝑚 =  𝑘 ∗ ℎ 𝑤ℎ𝑒𝑟𝑒  ℎ < 𝑙   𝑎𝑛𝑑  𝑔𝑐𝑑 (ℎ, 𝑙) = 1. 

𝑆𝑖𝑛𝑐𝑒 𝐷 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐷, 𝑎 ℎ𝑎𝑠 𝑎𝑛 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑠𝑎𝑦 𝑏 ∈ 𝐷.𝑇ℎ𝑢𝑠, 

𝑎 ∗  𝑏 = 𝑘 ∗ 𝑐 ∗ 𝑏 ≡   𝑚 = 𝑘 ∗ ℎ  𝑚𝑜𝑑(𝑛 = 𝑘𝑙).  𝐻𝑒𝑛𝑐𝑒, 𝑐 ∗  𝑏 ≡ ℎ  𝑚𝑜𝑑 (𝑙).  Since  

𝑔𝑐𝑑(ℎ, 𝑙)  =  1, 𝑤𝑒 ℎ𝑎𝑣𝑒  𝑔𝑐𝑑(𝑐 ∗  𝑏, 𝑙 )  =  1  𝑎𝑛𝑑 𝑡ℎ𝑢𝑠  𝑔𝑐𝑑(𝑐, 𝑙)  =  1. 

Thus    𝑎 = 𝑘 ∗ 𝑐, 𝑤ℎ𝑒𝑟𝑒 gcd(𝑐, 𝑙) = 1. 

𝑆𝑖𝑛𝑐𝑒 𝑚 = 𝑘 ∗ ℎ  𝑤ℎ𝑒𝑟𝑒   ℎ < 𝑙 𝑎𝑛𝑑 gcd(ℎ, 𝑙) = 1 𝑡ℎ𝑒𝑛 ℎ ∈ 𝑈(𝑙),

ℎ−1  𝑖𝑛  𝑈(𝑙).  𝑇ℎ𝑢𝑠   𝑎 =   𝑘 ∗ 𝑐 = 𝑘 ∗ ℎ ∗ ℎ−1 ∗ 𝑐 

= 𝑚 ∗ ℎ−1 ∗ 𝑐    𝑖𝑛    𝐷 . 

𝑆𝑖𝑛𝑐𝑒  ℎ−1, 𝑐    𝑖𝑛   𝑈(𝑙)  𝑎𝑛𝑑   𝑈(𝑙) 𝑖𝑠  𝑎 𝑔𝑟𝑜𝑢𝑝  𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛  𝑚𝑜𝑑𝑢𝑙𝑜   𝑙,   𝑤𝑒  ℎ𝑎𝑣𝑒  

 (ℎ−1 ∗ 𝑐)  ∈ 𝑈(𝑙).   𝑇ℎ𝑢𝑠    𝑎 =    𝑚 ∗ 𝑗  𝑖𝑛    𝐷     𝑤ℎ𝑒𝑟𝑒   𝑗   𝑖𝑛   𝑈(𝑙). 

d) 𝑫 𝒊𝒔 𝒂 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑼(𝒍)  

𝑅𝑒𝑐𝑎𝑙𝑙     𝑈(𝑙) = {𝑏| 1 ≤ 𝑏 < 𝑙 𝑎𝑛𝑑 gcd(𝑏, 𝑙) = 1} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛   

𝑚𝑜𝑑𝑢𝑙𝑜 𝑙. 
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𝑙𝑒𝑡 𝑓:  𝐷 → 𝑈(𝑙),   𝑎𝑛𝑑  𝑥  𝑖𝑛   𝐷.    𝑇ℎ𝑒𝑛  𝑥 =  𝑚 ∗ 𝑧   𝑤ℎ𝑒𝑟𝑒   𝑧  𝑖𝑛   𝑈(𝑙).    𝐷𝑒𝑓𝑖𝑛𝑒  𝑓(𝑥) =

  𝑓(𝑚 ∗ 𝑧) = 𝑧   𝑖𝑛  𝑈(𝑙).  Clearly f is well-defined.   

 Note that  𝑓(𝑚)  =   𝑓(𝑚 ∗ 1)  =  1.   

Let   a, b in D.  We show  𝑓(𝑎 ∗  𝑏)  =   𝑓(𝑎)  ∗  𝑓(𝑏).   

𝑆𝑖𝑛𝑐𝑒 𝑎, 𝑏 ∈ 𝐷.𝑤𝑒 ℎ𝑎𝑣𝑒  𝑎 =  𝑚 ∗  𝑦  𝑎𝑛𝑑   𝑏  =   𝑚 ∗   𝑤  𝑓𝑜𝑟  𝑠𝑜𝑚𝑒  𝑦,𝑤  𝑖𝑛  𝑈(𝑙). 

Hence  𝑓(𝑎 ∗  𝑏)  =   𝑓 (𝑚 ∗ 𝑦 ∗ 𝑚 ∗ 𝑤)   =   𝑓(𝑚 ∗ 𝑦 ∗ 𝑤)   =   𝑦 ∗  𝑤  =   𝑓(𝑎) ∗ 𝑓(𝑏). 

𝑇ℎ𝑢𝑠  𝑓  𝑖𝑠  𝑎 𝑔𝑟𝑜𝑢𝑝 − ℎ𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚  𝑓𝑟𝑜𝑚  𝐷  𝑡𝑜   𝑈(𝑙). 

By  construction  of  f,  𝑤𝑒  𝑠𝑒𝑒 𝑡ℎ𝑎𝑡   𝑓(𝑥)  =   1  𝑖𝑓𝑓   𝑥 =  𝑚  𝑖𝑛  𝐷.   𝑇ℎ𝑢𝑠  𝐾𝑒𝑟(𝑓)  =

 {𝑚}.   Hence  by  the  first  isomorphic  Theorem  we  have   

𝐷 =   𝐷
𝐾𝑒𝑟{𝑓}

  𝑖𝑠   𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐  𝑡𝑜  𝑅𝑎𝑛𝑔𝑒(𝑓) 𝑡ℎ𝑎𝑡  𝑖𝑠  𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑜𝑓   𝑈(𝑙).   

2. Let 𝒎,𝒏,𝒌 𝒂𝒏𝒅 𝒍 be defined as previous and let  𝑫 = {𝒌𝒄 | 𝐠𝐜𝐝(𝒄, 𝒍) = 𝟏,𝟏 ≤ 𝒄 ≤

𝒍} . Then, D is a multiplicative group with multiplicative identity m under 

multiplication modulo n where D is a subset of 𝒁𝒏 

𝑇ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑜𝑢𝑟 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑚𝑒𝑛𝑡𝑠 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑚𝑒𝑡: 

a) Closure: 

𝑙𝑒𝑡 𝑎,𝑏 ∈ 𝐷, 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑎 ∗ 𝑏 ∈ 𝐷.   𝑇ℎ𝑒𝑛  𝑎 = 𝑘 ∗ 𝑐  𝑎𝑛𝑑  𝑏 =   𝑘 ∗   𝑔   𝑤ℎ𝑒𝑟𝑒  𝑐,

𝑔  𝑖𝑛   𝑈(𝑙).   𝑆𝑖𝑛𝑐𝑒 gcd(𝑘, 𝑙) = 1, 𝑤𝑒 ℎ𝑎𝑣𝑒   𝑘 ∗ 𝑐 ∗ 𝑔 = 𝑣 𝑖𝑛  𝑈(𝑙). 

Hence 𝑎 ∗ 𝑏 =   𝑘 ∗ 𝑐 ∗ 𝑘 ∗ 𝑔 = 𝑘 ∗ 𝑣  𝑖𝑛  𝐷. 

b) Identity: 
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𝑆𝑖𝑛𝑐𝑒   𝑚 =  𝑘 ∗ ℎ  �𝑎𝑠  𝑖𝑡  𝑖𝑠  𝑠ℎ𝑜𝑤𝑛  𝑖𝑛  (1. 𝑐)�   𝑤ℎ𝑒𝑟𝑒 ℎ < 𝑙   𝑎𝑛𝑑 𝑔𝑐 𝑑(ℎ, 𝑙) =

1,    𝑤𝑒  ℎ𝑎𝑣𝑒   𝑚   𝑖𝑛  𝐷.  𝑆ince   𝑙 | (𝑚− 1), 𝑤𝑒  ℎ𝑎𝑣𝑒  𝑚 ≡ 1  𝑚𝑜𝑑  𝑙.  

𝑙𝑒𝑡 𝑥 =   𝑘 ∗ 𝑐  𝑖𝑛  𝐷  𝑤ℎ𝑒𝑟𝑒  𝑐  𝑖𝑛  𝑈(𝑙), 𝑡ℎ𝑒𝑛  𝑥 ∗ 𝑚 =   𝑘 ∗ 𝑐 ∗ 𝑚 ≡  𝑘 ∗ 𝑐 𝑚𝑜𝑑 (𝑘𝑙 = 𝑛)  

𝑇ℎ𝑢𝑠   𝑚 =  𝑘 ∗  ℎ       𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦  𝑖𝑛  𝐷 . 

c) Inverse: 

 𝑙𝑒𝑡   𝑎 ∈ 𝐷,    𝑓𝑖𝑛𝑑     𝑏 ∈ 𝐷    𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡    𝑏 ∗ 𝑎 ≡ 𝑚 𝑚𝑜𝑑 𝑛. 

Since    a    in   D,  we  have   𝑎 =  𝑘 ∗  𝑐   𝑤ℎ𝑒𝑟𝑒   𝑐   𝑖𝑛    𝑈(𝑙).    

𝑆𝑖𝑛𝑐𝑒   𝑔𝑐𝑑(𝑘, 𝑙) = gcd (𝑐, 𝑙)

=  1   𝑎𝑛𝑑    𝑈(𝑙)  𝑖𝑠  𝑎 𝑔𝑟𝑜𝑢𝑝  𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛  𝑚𝑜𝑑𝑢𝑙𝑜   𝑙,    

𝑡ℎ𝑒𝑟𝑒 𝑖𝑠   𝑎   𝑦   𝑖𝑛    𝑈(𝑙)  𝑠𝑢𝑐ℎ  𝑡ℎ𝑎𝑡      𝑘 ∗  𝑐 ∗  𝑦 ≡  ℎ   𝑚𝑜𝑑 (𝑙) .   Thus 𝑘 ∗ 𝑐 ∗ 𝑘 ∗ 𝑦  ≡

𝑘 ∗ ℎ = 𝑚  𝑚𝑜𝑑(𝑛).    𝐻𝑒𝑛𝑐𝑒   𝑛 = 𝑘 ∗ 𝑦    𝑖𝑛  𝐷 𝑖𝑠  𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒  𝑜𝑓   𝑎 

d) Associative: 

𝑍𝑛 𝑖𝑠  𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒  𝑢𝑛𝑑𝑒𝑟  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛  𝑚𝑜𝑑𝑢𝑙𝑜  𝑛   𝑎𝑛𝑑    D ∁ 𝑍𝑛. 

3. Let  𝒎,𝒏,𝒌, 𝒍 𝒂𝒏𝒅 𝑫 be defined as previous. Then, D is a field iff 𝒍 is prime 

𝑠𝑖𝑛𝑐𝑒 𝐷  𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝  𝑢𝑛𝑑𝑒𝑟  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛  𝑚𝑜𝑑𝑢𝑙𝑜   𝑛   𝑤𝑖𝑡ℎ   𝑚  𝑎𝑠  𝑡ℎ𝑒  𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦,   𝐷   𝑖𝑠   

𝑔𝑟𝑜𝑢𝑝 −  𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓   𝑈(𝑙)   𝑏𝑦  (1𝑑).      By construction of D, we 

have   𝐷  𝑖𝑠  𝑔𝑟𝑜𝑢𝑝 − 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐   𝑡𝑜   𝑈(𝑙).  It is well-known that  

 𝑈(𝑙) 𝑈 {0}    𝑖𝑠  𝑎 𝑓𝑖𝑒𝑙𝑑  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦  𝑖𝑓   𝑙  𝑖𝑠  𝑝𝑟𝑖𝑚𝑒. 
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Corollary 2:  Let D be the group in theorem 1 and let   |D| denotes the order (the 

size) of D. Then |D| | ∅(𝒍) 𝒘𝒉𝒆𝒓𝒆 𝒏,𝒌 𝒂𝒏𝒅 𝒍 𝒂𝒔 𝒊𝒏 𝟏.𝒃. 

𝑆𝑖𝑛𝑐𝑒  𝐷  𝑖𝑠 𝑔𝑟𝑜𝑢𝑝 − 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐  𝑡𝑜  𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑜𝑓   𝑈(𝑙) 𝑏𝑦  𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1(𝑑) 

 𝑎𝑛𝑑  |𝑈(𝑙)|  =  ∅(𝑙), 

𝑡ℎ𝑒 𝑐𝑙𝑎𝑖𝑚 𝑖𝑠 𝑛𝑜𝑤 𝑐𝑙𝑒𝑎𝑟  𝑠𝑖𝑛𝑐𝑒  𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑈(𝑙)  

𝑚𝑢𝑠𝑡  𝑑𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓  𝑈(𝑙) 

 

 

Theorem 3: let 𝑚, 𝑛 ∈ 𝑍+ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 gcd(𝑚,𝑛) = 1.𝑇ℎ𝑒𝑛,𝐷 = 𝑚.𝑈(𝑛)𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝  

𝑚𝑜𝑑𝑢𝑙𝑜 𝑚𝑛 𝑤𝑖𝑡ℎ 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒 = 𝑚𝑐 𝑓𝑜𝑟  𝑚𝑐 ≡ 1 𝑚𝑜𝑑 (𝑛),𝑐 ∈ 𝑈(𝑛)  

 

a) Closure: 

𝑙𝑒𝑡 𝑎,𝑏 ∈ 𝐷 → 𝑎 = 𝑚 ∗ 𝑥 ,𝑏 = 𝑚 ∗ 𝑦 𝑓𝑜𝑟 𝑥, 𝑦 ∈ 𝑈(𝑛) 

𝑎 ∗ 𝑏 = 𝑚 ∗ 𝑥 ∗ 𝑚 ∗ 𝑦 

𝑠𝑖𝑛𝑐𝑒 gcd(𝑚, 𝑛) = 1 𝑡ℎ𝑒𝑛 𝑥 ∗ 𝑚 ∗ 𝑦 = 𝑧 𝑚𝑜𝑑 𝑛 𝑓𝑜𝑟 𝑧 ∈ 𝑈(𝑛) 

ℎ𝑒𝑛𝑐𝑒, 𝑎 ∗ 𝑏 = 𝑚 ∗ 𝑧 ∈ 𝐷 

 

b) Identity: 

𝑓𝑜𝑟 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒 𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑, 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑎 ∗ 𝑒 = 𝑒 𝑚𝑜𝑑 𝑚𝑛 

𝑓𝑜𝑟 𝑎 ∈ 𝐷, 𝑎 = 𝑚 ∗ 𝑥 𝑓𝑜𝑟 𝑥 ∈ 𝑈(𝑛) 

𝑎 ∗ 𝑒 = 𝑚 ∗ 𝑥 ∗ 𝑒 ≡ 𝑚 ∗ 𝑥 ∗ 𝑚 ∗ 𝑐 𝑚𝑜𝑑 (𝑚𝑛) 

→ 𝑥 ∗ 𝑒 ≡ 𝑥 ∗ 𝑚 ∗ 𝑐 𝑚𝑜𝑑 (𝑛),𝑠𝑖𝑛𝑐𝑒 𝑚 ∗ 𝑐 ≡ 1𝑚𝑜𝑑(𝑛) 

𝑥 ∗ 𝑒 ≡ 𝑥 ∗ 1 ≡ 𝑥 𝑚𝑜𝑑(𝑛)  

𝑡ℎ𝑒𝑛,𝑎 ∗ 𝑒 = 𝑚 ∗ 𝑥 ∗ 𝑒 ≡ 𝑚 ∗ 𝑥 = 𝑎 
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c) Inverse: 

𝑙𝑒𝑡 𝑎 ∈ 𝐷, 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 ∃ 𝑏 ∈ 𝐷 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 ∗ 𝑏 ≡ 𝑒 𝑚𝑜𝑑 𝑚𝑛 

𝑙𝑒𝑡 𝑎 = 𝑚 ∗ 𝑥 , 𝑓𝑜𝑟 𝑥 ∈ 𝑈(𝑛) 

𝑠𝑖𝑛𝑐𝑒 gcd(𝑚, 𝑛) = 1 𝑎𝑛𝑑 𝑈(𝑛)𝑖𝑠 𝑔𝑟𝑜𝑢𝑝 

𝑡ℎ𝑒𝑛 ∃ 𝑤 ∈ 𝑈(𝑛) 𝑤ℎ𝑒𝑟𝑒 𝑤 ∗𝑚 ∗ 𝑥 = 𝑐 ∈ 𝑈(𝑛) 

ℎ𝑒𝑛𝑐𝑒,𝑚 ∗ 𝑥 ∗ 𝑚 ∗ 𝑤 ≡ 𝑚 ∗ 𝑐 = 𝑒 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑏 = 𝑚 ∗ 𝑤 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 

d) Associativity: 
 

𝐷 𝐶 𝑍𝑚𝑛 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑚𝑜𝑑 𝑚𝑛 
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EXAMPLES 

Example 1: 

 Let m = 5 

  𝑚 − 1 = 4 = 22 → 𝑘 = 5 𝑎𝑛𝑑 𝑙 = {2,4}  

 Then, 𝑛1 = 5 . 2 = 10 ,𝑛2 = 5 . 4 = 20 

5 is the multiplicative identity for some group D ∈ 𝑍𝑛 under multiplication modulo n 

where n = {10, 20} 

Check: 

                   52𝑚𝑜𝑑 10 ≡ 5  

       52𝑚𝑜𝑑 20 ≡ 5    

a) 𝐷 ∈ 𝑍10 

𝑛 = 10 = 5 . 2 = 𝑘 . 𝑙 𝑓𝑜𝑟 𝑘| 5 𝑎𝑛𝑑 𝑙|4 → 𝑘 = 5, 𝑙 = 2 

𝐷 = { 5𝑐 | gcd(𝑐, 2) = 1, 1 ≤ 𝑐 ≤ 2} 

→ 𝐷 = {5} 

b) 𝐷 ∈  𝑍20 

𝑛 = 20 = 5 . 4 = 𝑘 . 𝑙 𝑓𝑜𝑟 𝑘|5 𝑎𝑛𝑑 𝑙|4 → 𝑘 = 5, 𝑙 = 4 

𝐷 = {5𝑐 | gcd(𝑐, 4) = 1, 1 ≤ 𝑐 ≤ 4} 

→ 𝐷 = { 5(1), 5(3)} = {5 , 15} 
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To show that these are the only groups, Cayle’s table is used for (𝑍20,∗). Cayley’s table for 

the Z20 is constructed in this example only to show that D is the only set that forms a group. 

In the other examples, Cayley’s table will be used to show that D satisfies the group 

requirements. 

  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
2 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18 
3 3 6 9 12 15 18 1 4 7 10 13 16 19 2 5 8 11 14 17 
4 4 8 12 16 0 4 8 12 16 0 4 8 12 16 0 4 8 12 16 
5 5 10 15 0 5 10 15 0 5 10 15 0 5 10 15 0 5 10 15 
6 6 12 18 4 10 16 2 8 14 0 6 12 18 4 10 16 2 8 14 
7 7 14 1 8 15 2 9 16 3 10 17 4 11 18 5 12 19 6 13 
8 8 16 4 12 0 8 16 4 12 0 8 16 4 12 0 8 16 4 12 
9 9 18 7 16 5 14 3 12 1 10 19 8 17 6 15 4 13 2 11 

10 10 0 10 0 10 0 10 0 10 0 10 0 10 0 10 0 10 0 10 
11 11 2 13 4 15 6 17 8 19 10 1 12 3 14 5 16 7 18 9 
12 12 4 16 8 0 12 4 16 8 0 12 4 16 8 0 12 4 16 8 
13 13 6 19 12 5 18 11 4 17 10 3 16 9 2 15 8 1 14 7 
14 14 8 2 16 10 4 18 12 6 0 14 8 2 16 10 4 18 12 6 
15 15 10 5 0 15 10 5 0 15 10 5 0 15 10 5 0 15 10 5 
16 16 12 8 4 0 16 12 8 4 0 16 12 8 4 0 16 12 8 4 
17 17 14 11 8 5 2 19 16 13 10 7 4 1 18 15 12 9 6 3 
18 18 16 14 12 10 8 6 4 2 0 18 16 14 12 10 8 6 4 2 
19 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 

Note that only the set {5, 10, 15} satisfies 5 as the multiplicative identity. Then, in 

order to maintain closure, we need to check 10*10, 10*15, and 15*10. Since 10*10= 0 mod 

20, and 0 ∉ Z20, 10 is eliminated from the set. The set now becomes {5, 15}. Now 15*15=5 

mod 20 therefore, 15 is the inverse of itself. Since the set {5, 15} maintains closure, inverse, 

associativity and identity for multiplication modulo 20. Then {5, 15} is a group. 

∈ 𝑍20 , 𝑙 = 4 𝑎𝑛𝑑 𝐷 = {5, 15} ,

𝑈(𝑙) = {1, 3} 𝑠𝑖𝑛𝑐𝑒 𝑙 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑝𝑟𝑖𝑚𝑒 , 𝑡ℎ𝑒𝑛 𝐷 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑: 

𝐷 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑙𝑜𝑠𝑒𝑑 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑠𝑖𝑛𝑐𝑒 5 + 5 = 10 ∉ 𝐷. 
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𝑊ℎ𝑒𝑟𝑒𝑎𝑠, 𝑖𝑛 𝑍10, 𝑙 = 2 𝑎𝑛𝑑 𝐷 = {5}        𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 

𝑛𝑜𝑤 𝐷 𝑈 {0} = {0,5}     𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 (𝑇𝑟𝑖𝑣𝑖𝑎𝑙) 

𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑣𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑍 

𝑠𝑖𝑛𝑐𝑒 𝑍𝑛𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑍 𝑡ℎ𝑒𝑛 𝑖𝑡 ℎ𝑜𝑙𝑑𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

𝑇ℎ𝑒𝑛 𝐷 𝑈{0}𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑.  

𝑇ℎ𝑖𝑠 𝑟𝑒𝑠𝑢𝑙𝑡 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑑𝑖𝑟𝑒𝑐𝑡𝑙𝑦 𝑏𝑦 𝑙𝑜𝑜𝑘𝑖𝑛𝑔 𝑎𝑡 𝑙. 𝑙 = 2 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒.  

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑   

 

  



 
 16 

Example 2: 

Let m = 8 

  𝑚 − 1 = 7 → 𝑘 = {2, 4, 8}  𝑎𝑛𝑑 𝑙 = {7}  

 Then, 𝑛1 = 2 ∗ 7 = 14 ,𝑛2 =  4 ∗ 7 = 28 ,𝑛3 = 8 ∗ 7 = 56 

8 is the multiplicative identity for some group D ∈ 𝑍𝑛 under multiplication modulo n 

where n = {14, 28, 56} 

Check:  

             82𝑚𝑜𝑑 14 ≡ 8  

 82𝑚𝑜𝑑 28 ≡ 8    

82𝑚𝑜𝑑 56 ≡ 8 

a) 𝐷 ∈ 𝑍14 

𝑛 = 14 = 𝑘 . 𝑙 → 𝑙 = 7,𝑘 = 2 

𝐷 = { 2𝑐 | gcd(𝑐, 7) = 1, 1 ≤ 𝑐 ≤ 7} 

→ 𝐷 = {2(1), 2(2), 2(3), … , 2(6)} = {2, 4 , 6 ,8, 10, 12} 

  2 4 6 8 10 12 
2 4 8 12 2 6 10 
4 8 2 10 4 12 6 
6 12 10 8 6 4 2 
8 2 4 6 8 10 12 

10 6 12 4 10 2 8 
12 10 6 2 12 8 4 

b) 𝐷 ∈  𝑍28 

𝑛 = 28 = 7 ∗ 4 → 𝑙 = 7,𝑘 = 4 

𝐷 = {4𝑐 | gcd(𝑐, 7) = 1, 1 ≤ 𝑐 ≤ 7} 

→ 𝐷 = {4(1), 4(2), … 4(6)} = {4, 8, 12, 16, 20, 24} 
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  4 8 12 16 20 24 
4 16 4 20 8 24 12 
8 4 8 12 16 20 24 
12 20 12 4 24 16 8 
16 8 16 24 4 12 20 
20 24 20 16 12 8 4 
24 12 24 8 20 4 16 

 

c) 𝐷 ∈  𝑍56 

𝑛 = 56 = 7 ∗ 8 → 𝑙 = 7,𝑘 = 8 

𝐷 = {8𝑐 | gcd(𝑐, 7) = 1, 1 ≤ 𝑐 ≤ 7} 

→ 𝐷 = {8(1), 8(2), … , 8(7)} 

 8 16 24 32 40 48 
8 8 16 24 32 40 48 
16 16 32 48 8 24 40 
24 24 48 16 40 8 32 
32 32 8 40 16 48 24 
40 40 24 8 48 32 16 
48 48 40 32 24 16 8 

 

All three groups constructed are isomorphic to the set {1, 2, 3, 4, 5, 6,}=𝑈(7). It can 

be easily observed that all three sets 𝐷 𝑈 {0} form finite closed fields since 7 is prime.  

  



 
 18 

Example 3: 

Let m = 37 

  𝑚 − 1 = 36 → 𝑘 = 37  𝑎𝑛𝑑 𝑙 = {2,3,4,6,9,12,18,36}  

Then, 𝑛1 = 37 . 2 = 74 ,𝑛2 = 37 . 22 = 148 ,𝑛3 = 37 . 3 = 111 ,𝑛4 = 37 . 32 = 333,   

 𝑛5 = 37 . 3 . 2 = 222,𝑛6 = 37 . 22. 3 = 444 ,𝑛7 = 37 . 2 . 32 = 666,   

 𝑛8 = 37 . 22. 32 = 1332 

37 is the multiplicative identity for some group D ∈ 𝑍𝑛 under multiplication modulo n 

where n = {74, 111, 148, 222, 333, 444, 666, 1332} 

Check: 

  372𝑚𝑜𝑑 74 ≡ 37 

  372𝑚𝑜𝑑 111 ≡ 37 

  372𝑚𝑜𝑑 148 ≡ 37 

  372𝑚𝑜𝑑 222 ≡ 37 

  372𝑚𝑜𝑑 333 ≡ 37 

  372𝑚𝑜𝑑 444 ≡ 37 

  372𝑚𝑜𝑑 666 ≡ 37 

  372𝑚𝑜𝑑 1332 ≡ 37                                

a) 𝐷 ∈ 𝑍74 

𝑛 = 74 = 𝑘 . 𝑙 → 𝑙 = 2,𝑘 = 37 
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𝐷 = { 37𝑐 | gcd(𝑐, 2) = 1, 1 ≤ 𝑐 ≤ 2} 

→ 𝐷 = {37(1)} = {37} 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(2) = {1} 

𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 

b) 𝐷 ∈ 𝑍111 

𝑛 = 111 = 𝑘 . 𝑙 → 𝑙 = 3,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 3) = 1, 1 ≤ 𝑐 ≤ 3} 

→ 𝐷 = {37(1), 37(2)} = {37,74} 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(3) = {1,2} 

𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 

c) 𝐷 ∈ 𝑍148 

𝑛 = 148 = 𝑘 . 𝑙 → 𝑙 = 4,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 4) = 1, 1 ≤ 𝑐 ≤ 4} 

→ 𝐷 = {37(1), 37(3)} = {37,111} 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(4) = {1,3} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 37 = 74 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

d) 𝐷 ∈ 𝑍222 

𝑛 = 222 = 𝑘 . 𝑙 → 𝑙 = 6,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 6) = 1, 1 ≤ 𝑐 ≤ 6} 

→ 𝐷 = {37(1), 37(5), } = {37,185} 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(6) = {1,5} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 37 = 74 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 
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e) 𝐷 ∈ 𝑍333 

𝑛 = 333 = 𝑘 . 𝑙 → 𝑙 = 9,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 9) = 1, 1 ≤ 𝑐 ≤ 9} 

→ 𝐷 = {37(1), 37(2), 37(4), 37(5), 37(7), 37(8)}

= {37,74, 148, 185, 259,296} 

  37 74 148 185 259 296 
37 37 74 148 185 259 296 
74 74 148 296 37 185 259 

148 148 296 259 74 37 185 
185 185 37 74 259 296 148 
259 259 185 37 296 148 74 
296 296 259 185 148 74 37 

 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(9) = {1,2,4,5,7,8} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 74 = 111 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

f) 𝐷 ∈ 𝑍333 

𝑛 = 333 = 𝑘 . 𝑙 → 𝑙 = 9,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 9) = 1, 1 ≤ 𝑐 ≤ 9} 

→ 𝐷 = {37(1), 37(8)} = {37,296} 

𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑝𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑖𝑛 𝑈(9) = {1,8} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 74 = 111 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

g) 𝐷 ∈ 𝑍444 

𝑛 = 333 = 𝑘 . 𝑙 → 𝑙 = 12,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 12) = 1, 1 ≤ 𝑐 ≤ 12} 

→ 𝐷 = {37(1), 37(5), 37(7), 37(11)} = {37,185,259, 407} 
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  37 185 259 407 
37 37 185 259 407 
185 185 37 407 259 
259 259 407 37 185 
407 407 259 185 37 

 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(12) = {1,5,7,11} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 37 = 74 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

h) 𝐷 ∈ 𝑍444 

𝑛 = 333 = 𝑘 . 𝑙 → 𝑙 = 12,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 12) = 1, 1 ≤ 𝑐 ≤ 12} 

→ 𝐷 = {37(1), 37(11)} = {37, 407} 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(12) = {1,11} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 37 = 74 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

i) 𝐷 ∈ 𝑍666 

𝑛 = 666 = 𝑘 . 𝑙 → 𝑙 = 18,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 18) = 1, 1 ≤ 𝑐 ≤ 18} 

→ 𝐷 = {37(1), 37(5), 37(7), 37(11), 37(13), 37(17)}

= {37,185,259, 407,481, 629} 

 37 185 259 407 481 629 
37 37 185 259 407 37 185 
185 185 37 407 259 185 37 
259 259 407 37 185 259 407 
407 407 259 185 37 407 259 
481 37 185 259 407 37 185 
629 185 37 407 259 185 37 
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𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(18) = {1,5,7,11,13,17} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 37 = 74 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

j) 𝐷 ∈ 𝑍1332 

𝑛 = 1332 = 𝑘 . 𝑙 → 𝑙 = 36,𝑘 = 37 

𝐷 = { 37𝑐 | gcd(𝑐, 36) = 1, 1 ≤ 𝑐 ≤ 36} 

→ 𝐷

= �37(1), 37(5), 37(7), 37(11), 37(13), 37(17), 37(19), 37(23), 37(25),
37(29), 37(31), 37(35) �

= {37,185,259, 407,481, 629,703,851,925,1073,1147,1295} 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(36)

= {1,5,7,11,13,17,19,23,25,29,31,35} 

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 37 + 37 = 74 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

 37 185 259 407 481 629 703 851 925 1073 1147 1295 
37 37 185 259 407 481 629 703 851 925 1073 1147 1295 

185 185 925 1295 703 1073 481 851 259 629 37 407 1147 
259 259 1295 481 185 703 407 925 629 1147 851 37 1073 
407 407 703 185 481 1295 259 1073 37 851 1147 629 925 
481 481 1073 703 1295 925 185 1147 407 37 629 259 851 
629 629 481 407 259 185 37 1295 1147 1073 925 851 703 
703 703 851 925 1073 1147 1295 37 185 259 407 481 629 
851 851 259 629 37 407 1147 185 925 1295 703 1073 481 
925 925 629 1147 851 37 1073 259 1295 481 185 703 407 
1073 1073 37 851 1147 629 925 407 703 185 481 1295 259 
1147 1147 407 37 629 259 851 481 1073 703 1295 925 185 
1295 1295 1147 1073 925 851 703 629 481 407 259 185 37 

 

Note that in every Cayley’s table for D, every element appears only once in each 

raw/column. Also, since multiplication is abelian, the table is symmetric around the diagonal 
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(for previous example, the diagonal is from (37,37) to (1295,1295) ). Also, for every number, 

we can find the inverse of that number by locating the identity in its raw/column. The number 

corresponding to that raw/column is the inverse. Since every element appears once, the 

inverse is unique. 

Also, note that the order of D, |D|, is given by ∅(𝑙) 

For example, 

𝑓𝑜𝑟 𝐷 ∈ 𝑍1332, 𝑙 = 36 = 22 ∗ 32 →  ∅(36) = 36�1 −
1
2� �1 −

1
3� = 12 

|𝐷| = |{37,185,259, 407,481, 629,703,851,925,1073,1147,1295}| = 12 

𝑓𝑜𝑟 𝐷 ∈ 𝑍333, 𝑙 = 9 = 32 →  ∅(9) = 9 �1 −
1
3� = 6 

|𝐷| = |{37,74, 148, 185, 259,296}| = 6  
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Example 4: 

Let m = 16 

 𝑚 − 1 = 15,

𝑛𝑜𝑤 𝑓𝑜𝑟 𝑙 & 𝑘 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑝𝑟𝑖𝑚𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑠𝑡𝑒𝑎𝑑 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑚𝑒𝑡ℎ𝑜𝑑: 

𝑚(𝑚− 1) = 16 ∗ 15 = 24 ∗ 3 ∗ 5  

𝐾 = {2, 4,8,16} 𝑎𝑛𝑑 𝐿 = {3,5,15} 

𝑛𝑜𝑤  𝑛 = 𝑘 ∗ 𝑙 𝑓𝑜𝑟 𝑘 ∈ 𝐾 𝑎𝑛𝑑 𝑙 ∈ 𝐿 𝑤ℎ𝑒𝑟𝑒 𝑛 > 𝑚 

Then, 𝑛1 = 2 ∗ 15 = 30,𝑛2 = 4 ∗ 5 = 20,𝑛3 = 4 ∗ 15 = 60,𝑛4 = 8 ∗ 3 = 24, 

 𝑛5 = 8 ∗ 5 = 40 ,𝑛6 = 8 ∗ 15 = 120,𝑛7 = 16 ∗ 3 = 48,𝑛8 = 16 ∗ 5 = 80, 

𝑛9 = 16 ∗ 15 = 240 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑎𝑙𝑡ℎ𝑜𝑢𝑔ℎ 2 ∈ 𝐾 𝑎𝑛𝑑 3 ∈ 𝐿 𝑏𝑢𝑡 16 ∉ 𝑍6  

16 is the multiplicative identity for some group D ∈ 𝑍𝑛 under multiplication modulo n where 

n = {20, 21, 30, 40, 48, 60, 80, 120, 240} 

Check: 

  162𝑚𝑜𝑑 20 ≡ 16 

  162𝑚𝑜𝑑 24 ≡ 16 

  162𝑚𝑜𝑑 30 ≡ 16 

  162𝑚𝑜𝑑 40 ≡ 16 

  162𝑚𝑜𝑑 48 ≡ 16 
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  162𝑚𝑜𝑑 60 ≡ 16 

  162𝑚𝑜𝑑 80 ≡ 16 

  162𝑚𝑜𝑑 120 ≡ 16   

162𝑚𝑜𝑑 240 ≡ 16   

a) 𝐷 ∈ 𝑍20 

𝑛 = 20 = 𝑘 . 𝑙 → 𝑙 = 5,𝑘 = 4 

𝐷 = { 4𝑐 | gcd(𝑐, 5) = 1, 1 ≤ 𝑐 ≤ 5} 

→ 𝐷 = {4(1), 4(2), 4(3), 4(4)} = {4,8,12,16} 

  4 8 12 16 
4 16 12 8 4 
8 12 4 16 8 
12 8 16 4 12 
16 4 8 12 16 

 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(5) = {1,2,3,4} 

𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 𝑙 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 

b)  𝐷 ∈ 𝑍24  

𝑛 = 24 = 𝑘 . 𝑙 → 𝑙 = 3, 𝑘 = 8 

 𝐷 = {8𝑐 | gcd(𝑐, 3) = 1, 1 ≤ 𝑐 ≤ 3}  

→ 𝐷 = {8(1), 8(2)} = {8,16} 

 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(3) = {1,2}  

𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑  

c) 𝐷 ∈ 𝑍30  

𝑛 = 30 = 𝑘 . 𝑙 → 𝑙 = 15,𝑘 = 2 

 𝐷 = { 2𝑐 | gcd(𝑐, 15) = 1, 1 ≤ 𝑐 ≤ 15} 
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 → 𝐷 = {2(1), 2(2), 2(4), 2(7), 2(8), 2(11), 2(13), 2(14)} 

𝐷 = {2, 4 8, 14, 16, 22,26,28} 

  2 4 8 14 16 22 26 28 
2 4 8 16 28 2 14 22 26 
4 8 16 2 26 4 28 14 22 
8 16 2 4 22 8 26 28 14 
14 28 26 22 16 14 8 4 2 
16 2 4 8 14 16 22 26 28 
22 14 28 26 8 22 4 2 16 
26 22 14 28 4 26 2 16 8 
28 26 22 14 2 28 16 8 4 

 
 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(15) = {1,2,4,7,8,11,13,14}  

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 2 + 4 = 6 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

d) 𝐷 ∈ 𝑍30  

𝑛 = 30 = 𝑘 . 𝑙 → 𝑙 = 15,𝑘 = 2 

 𝐷 = { 2𝑐 | gcd(𝑐, 15) = 1, 1 ≤ 𝑐 ≤ 15} 

 → 𝐷 = {2(2), 2(8)} 

𝐷 = {4,16} 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(15) = {2,8}  

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 2 + 4 = 6 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

e) 𝐷 ∈ 𝑍40  

𝑛 = 40 = 𝑘 . 𝑙 → 𝑙 = 5, 𝑘 = 8 

 𝐷 = { 8𝑐 | gcd(𝑐, 5) = 1, 1 ≤ 𝑐 ≤ 5}  

→ 𝐷 = {8(1), 8(2), 8(3), 8(4)} = {8, 16, 24, 32} 
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  8 16 24 32 
8 24 8 32 16 
16 8 16 24 32 
24 32 24 16 8 
32 16 32 8 24 

 
 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(5) = {1,2,3,4}  

𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 

f) 𝐷 ∈ 𝑍48  

𝑛 = 48 = 𝑘 . 𝑙 → 𝑙 = 3, 𝑘 = 16 

 𝐷 = { 16𝑐 | gcd(𝑐, 3) = 1, 1 ≤ 𝑐 ≤ 3} 

→ 𝐷 = {16(1), 16(2)} = {16,32} 

 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(3) = {1,2}  

𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 

g) 𝐷 ∈ 𝑍60  

𝑛 = 60 = 𝑘 . 𝑙 → 𝑙 = 15,𝑘 = 4 

 𝐷 = { 4𝑐 | gcd(𝑐, 15) = 1, 1 ≤ 𝑐 ≤ 15}  

→ 𝐷 = {4(1), 4(2), 4(4), 4(7), 4(8), 4(11), 4(13), 4(14)} 

= {4, 8, 16, 28, 32, 44, 52,56} 

 4 16 28 32 44 52 56 
4 16 4 52 8 56 28 44 
16 4 16 28 32 44 52 56 
28 52 28 4 56 32 16 8 
32 8 32 56 4 28 44 52 
44 56 44 32 28 16 8 4 
52 28 52 16 44 8 4 32 
56 44 56 8 52 4 32 16 

 
  𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(15) = {1,2,4,7,8,11,13,14}  

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 4 + 4 = 8 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛  
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h) 𝐷 ∈ 𝑍80  

𝑛 = 80 = 𝑘 . 𝑙 → 𝑙 = 5, 𝑘 = 16 

 𝐷 = { 16𝑐 | gcd(𝑐, 5) = 1, 1 ≤ 𝑐 ≤ 5}  

→ 𝐷 = {16(1), 16(2), 16(3), 16(4)} = {16, 32, 48, 64} 

  16 32 48 64 
16 16 32 48 64 
32 32 64 16 48 
48 48 16 64 32 
64 64 48 32 16 

 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(5) = {1,2,3,4}  

𝐷 𝑈 {0} 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 

i) 𝐷 ∈ 𝑍120  

𝑛 = 120 = 𝑘 . 𝑙 → 𝑙 = 15,𝑘 = 8 

 𝐷 = { 8𝑐 | gcd(𝑐, 15) = 1, 1 ≤ 𝑐 ≤ 15}  

→ 𝐷 = {8(1), 8(2), 8(4), 8(7), 8(8), 8(11), 8(13), 8(14)} 

𝐷 = {8,16,32,56,64,88,104,112} 

  8 16 32 56 64 88 104 112 
8 64 8 16 88 32 104 112 56 

16 8 16 32 56 64 88 104 112 
32 16 32 64 112 8 56 88 104 
56 88 56 112 16 104 8 64 32 
64 32 64 8 104 16 112 56 88 
88 104 88 56 8 112 64 32 16 
104 112 104 88 64 56 32 16 8 
112 56 112 104 32 88 16 8 64 

 
 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(15) = {1,2,4,7,8,11,13,14}  

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 8 + 16 = 24 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛  

j) 𝐷 ∈ 𝑍240  
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𝑛 = 240 = 𝑘 . 𝑙 → 𝑙 = 15,𝑘 = 16 

 𝐷 = { 16𝑐 | gcd(𝑐, 15) = 1, 1 ≤ 𝑐 ≤ 15}  

→ 𝐷 = {16(1), 16(2), 16(4), 16(7), 16(8), 16(11), 16(13), 16(14)} 

𝐷 = {16, 32, 64, 112, 128,176,208,224} 

  16 32 64 112 128 176 208 224 
16 16 32 64 112 128 176 208 224 
32 32 64 128 224 16 112 176 208 
64 64 128 16 208 32 224 112 176 
112 112 224 208 64 176 32 16 128 
128 128 16 32 176 64 208 224 112 
176 176 112 224 32 208 16 128 64 
208 208 176 112 16 224 128 64 32 
224 224 208 176 128 112 64 32 16 

 

 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐷 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝  𝑖𝑛 𝑈(15) = {1,2,4,7,8,11,13,14}  

𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑖𝑒𝑙𝑑 𝑠𝑖𝑛𝑐𝑒 16 + 32 = 48 ∉ 𝐷

→ 𝐷 𝑈 {0} 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛  
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